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Abstract: Control of a perturbed electric power system comprised of a hydrogen fuel cell (HFC),
boost and boost/buck DC–DC power converters, and the ultra-capacitor (UC) is considered within
an electric vehicle application. A relative degree approach was applied to control the servomotor
speed, which is the main controllable load of the electric car. This control is achieved in the presence
of the torque disturbances via directly controlling the armature voltage. The direct voltage control
was accomplished by controlling the HFC voltage and the UC current in the presence of the model
uncertainties. Controlling the HFC and UC current based on the power balance approach eliminated
the non-minimum phase property of the DC–DC boost converter. Conventional first order sliding
mode controllers (1-SMC) were employed to control the output voltage of the DC–DC boost power
converter and the load current of the UC. The current in HFC and the servomotor speed were
controlled by the adaptive-gain second order SMC (2-ASMC). The efficiency and robustness of the
HFC/UC-based electric power systems controlled by 1-SMC and 2-ASMC were confirmed on a case
study of electric car speed control via computer simulations.

Keywords: hydrogen fuel cell; electric vehicle; nonlinear observer and control

1. Introduction

Hydrogen fuel cell electric vehicles (HFCEV) use hydrogen fuel cells (HFC) to power an electric
motor. In order to power the electric motor, HFCEV generates electricity by using oxygen from the air
and compressed hydrogen (see Figure 1 [1]).

HFCEVs appear to be environmentally friendly, since their by-products are water and heat.
A HFCEV study showed that hydrogen vehicles had a higher efficiency when compared to vehicles
with traditional gasoline engines [1,2]. In this work, we considered controlling the speed of an electric
car in the presence of the torque disturbances and model uncertainties. The task was addressed by
controlling the electric power system comprised of HFC conditioned by a DC–DC boost bidirectional
power converter, with an ultra-capacitor (UC) as a storage device conditioned by a boost/buck
bidirectional converter, in order to drive the speed of the DC electric motor to its time varying
command profile.

The necessity of UC employment is based on the fact that HFC cannot generate rapidly
changing currents, if required, due to slow HFC membrane dynamics and, therefore, HFC physical
constraints [2,3]. It yields a reduced agility of the HFC-based electric car. On the other hand, UC (with
a capacitance up to 3500 F) can dump dynamically aggressive current profiles to the load (the electrical
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motor). The use of UC [2,4] facilitates a fast response to the load current demand. The UC can operate
in a wide range of temperature conditions: from +70◦ Celsius to −40◦ Celsius, providing high charge
acceptance, high-efficiency, cycle stability, and excellent performance. Specifically, HFCEV can deliver
enough power to ignition systems, even in cold weather, without relying on traditional batteries [2].
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Figure 1. How a fuel cell car works.

The DC motors (that are considered in this work as a load for the HFC/UC-based electric power
system) have some advantages over AC motors as power drives in electric vehicles [3]. Specifically,
the DC motors operate with lower voltage, have higher peak torque, and provide faster car acceleration.
The high peak torque enables the vehicle to be more adaptable to different driving conditions.

The challenges in controlling the HFC/UC/DC–DC boost and boost/buck converter based electric
power system for an electric vehicle application were addressed in this paper as follows:

1. The relatively slow uncertain dynamics of the HFC membrane challenge responding to the
possible fast load current demand [5–10].

2. The non-minimum phase property of the DC–DC boost and boost/buck converters challenges
a controller design that tracks a causal load voltage profile in the presence of the model
perturbations [11–13].

3. The unknown bounds of the model perturbations challenge the robust controller design [10].

All challenges were addressed in a frame of sliding mode control [10,14–16].
The first challenge was addressed by using a controlled UC as a backup source of power supply

when there is an interruption of power from HFC or a fast load current demand. Meeting the fast
load current demand is addressed by splitting the current command profile into two: “slow” and
“fast” profiles. Specifically, a “slow” current command is generated for the HFC, and the “fast” current
command profile is generated for UC [17].

The second challenge was answered in this work by controlling the HFC and UC currents based on
the power balance condition [4] in the presence of model perturbations. As soon as the non-minimum
phase property of the DC–DC boost and boost/buck converters is mitigated by the HFC and UC current
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control, and the direct tracking of the voltages of the DC–DC boost and boost/buck converters is
accomplished by the first order sliding mode control (1-SMC).

The third challenge was addressed by using adaptive second order sliding mode control
(2-ASMC) [15,16]. Specifically, adaptive gain super-twisting controller [15,16] was employed for
controlling the HFC current through the partial pressure of oxygen. The servomotor speed was robustly
controlled by the adaptive-gain twisting controller [4,16].

The rest of this paper is organized as follows. Section 2 illustrates the mathematical modeling of the
HFC/UC/DC-DC boost and boost/buck converters based on electric power systems for an electric vehicle
application. Section 3 formulates the control problem for a HFC/DC–DC boost converter/UC/DC–DC
boost/buck converter-based electric power system. The controller design for the given electric power
system is designed in Section 4. The simulations are studied in Sections 5 and 6 presents the conclusions
of the paper.

2. Mathematical Model of Hydrogen Fuel Cell/Ultra Capacitor/Direct Current-Direct Current
(HFC/UC/DC-DC) Converter/Servomotor System

The equivalent circuit diagram of an electric power system comprising of HFC/UC/DC-DC boost
and boost/buck converters with a servomotor as the system’s load for an electric vehicle is presented in
Figure 2, where Eh f c is the Nernst voltage of HFC; ih f c is a HFC current; Vat is the voltage drop across
the double layered capacitance Cd due to activation loss; Rat is the resistance that causes the activation
loss; ROhm is the variable internal resistance of the HFC; VOhm is the voltage drop due to ohmic loss;
Vser is the output voltage of the DC–DC boost converter; Vuc is the voltage across the capacitance
Cuc; iuc is the UC current; Ruc is the resistance that characterizes the internal losses in UC; iser is the
load (DC servomotor) current; Rar, Lind are the armature resistance and inductance of a servomotor
respectively; and ωser is the servomotor rotational speed.
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Figure 2. Equivalent circuit diagram of the Hydrogen Fuel Cell/Ultra Capacitor/Direct Current-Direct
Current boost and boost/buck converter-based electric power system for hydrogen fuel cell
electric vehicles.

2.1. Mathematical Model of HFC

The typical voltage–current characteristic of HFC [18], which is also called the polarization curve,
is presented in Figure 3.
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In this work, it was assumed that HFC operates in a linearity zone depicted in Figure 3. Then,
the mathematical model of HFC was derived based on the equivalent circuit in Figure 2, and the
dynamics of activation over voltage, Vat, are given as [4–10]:

dVat

dt
=

ih f c

Cd
−

Vat

RatCd
(1)

The partial pressure of the hydrogen and oxygen dynamics is presented as [19]:

d
dt

PH2 = −
1
τH2

PH2 +
1

τH2kH2

(
qin

H2
− 2kγ1 ih f c

)
(2)

d
dt

Po2 = −
1
τo2

Po2 +
1

τo2 ko2

(
qin

o2
− kγ1 ih f c

)
(3)

where PH2 and PO2 are the partial pressures of hydrogen and oxygen, respectively. qin
H2

is the input
flow rate (kmol/s); τH2 , τO2 are the time constants associated with the hydrogen and oxygen flow rates;
qin

O2
is the input flow rate (kmol/s); kγ1 is the consumed hydrogen flow rate, which is expressed as

kγ1 = n/(4F0) (kmol/(s ·A)) with F0 denoting the Faraday constant; and n is a number of HFCs in
series in the stack.

The actuator valve dynamics are modeled as in [19,20]:

dqin
H2

dt
=

1
τqH2

(−qin
H2

+ qin
H2
) (4)

dqin
O2

dt
=

1
τqO2

(−qin
O2

+ qin
O2
) (5)

where τqO2 , τqH2 are the time constants of the oxygen and hydrogen actuator flow-rate valve dynamics,
respectively. The inputs of valves qin

O2
and qin

H2
are considered as HFC control functions (i.e., v3 = qin

H2

and v4 = qin
O2

).

Remark 1. The dynamics of the valves in Equations (4) and (5) are considered as unmodeled dynamics and are
neglected for the controller design [4]. The valve dynamics were used in the simulations only to validate the
designed control.
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The output voltage of the stack of n HFCs in series, Vth f c = nVh f c, is defined by equations

Vh f c = Eh f c −Vohm −Vcon −Vat, Eh f c =
∆G1

2F0
+

∆s1

2F0
(Tst − Th f c) +

RgTst

2F0

(
ln(PH2) +

1
2

ln(PO2)
)

(6)

Vohm = ih f cRohm, Vcon = m1 · exp(nih f c) + b1 ln
(

Po2

a1

)
(7)

where the Gibbs free energy ∆G1 = −4.4 · 103 (J ·mol−1); and ∆s1 = 170.0 is the standard molar
entropy (J ·mol−1

·K−1). The universal gas constant is given as Rg = 8.314 (J ·mol−1
·K−1). The Faraday

constant is described as F0 = 96485.3415 (s ·A/mol). The reference temperature of the HFC is given
as Th f c = 298.15K and the stack temperature is Tst = 353K. The temperature difference Tst − Th f c is
assumed to be the known constant during the process. The variable Vcon is dependent on the changes in
the concentration of reactants. Due to the insignificant values of m1 and b1 (specifically, m1 ≈ 3 · 10−5V)
in Equation (7), the term Vcon can be neglected in Equation (6) [4–10].

2.2. Mathematical Model of the DC–DC Unidirectional Boost Power Converter

The dynamics of the DC–DC boost power converter are governed by the following system of
differential equations [4–10]:

dVser
dt = 1

Cb
[(1− v1)ih f c + (1− v2)iuc − iser]

dih f c
dt = 1

L [−(1− v1)Vser + Vth f c]
(8)

where v1 ∈ [0, 1] is a switch control function (a transistor T1 in Figure 2), that is transformed as

v1 = v1 + 0.5, v1 ∈ [−0.5, 0.5] (9)

and v1 is a symmetric switching control function and v2 ∈ [0, 1] is a switch control function (a transistor
T2 in Figure 2).

Note that input output (v1 → Vser ) is of relative degree one and the internal dynamics appeared
to be unstable, which challenges a tracking input–output controller design [11–13].

2.3. Mathematical Model of Ultra Capacitor Controlled by Bidirectional DC–DC Buck (Buck/Boost) Converter

The UC acts as an auxiliary power supply employed in a case of a power interruption from the
HFC or a fast load current demand. It is worth noting that the UC:

(a) is more agile than the HFC in following the fast load current command profile.
(b) allows charging and discharging multiple times.

The dynamics of the UC being charged and discharged by a bidirectional DC–DC boost/buck
converter were derived as in [4,17]

diuc

dt
=

1
Luc

[−(1− v2)Vser + Vuc] (10)

dVuc

dt
= −

1
RucCuc

(Vuc + Ruciuc) (11)

where v2 = v2 + 0.5, v2 ∈ [−0.5, 0.5]; v2 is a switch control function (transistor T2 in Figure 2); and v2 is
a transformed symmetric switching control function.
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2.4. Mathematical Model of a Servomotor

The dynamics of a servomotor are given by the following set of equations [7]:

diser

dt
=

1
Lind

(−Rariser − kbωser + Vser) (12)

dωser

dt
=

1
J

(
kmiser − bωser − ngTd

)
(13)

where ng is the gear ratio; b (N ·m · s) is a viscous friction coefficient; Td = Td(t) is the disturbance
torque (N ·m); and J is the system’s moment of inertia (kg ·m2).

2.5. Mathematical Model of HFC/DC-DC Boost Converter/UC/Servomotor

Considering Vser, ih f c, iuc, PH2 ,ωser as the electric power system’s outputs and v1, v4, v2, v3,

where v1, v2 ∈ [−0.5, 0.5] transistors T1 and T2 are the switching functions, respectively, and v4 = qin
O2

,

v3 = qin
H2

as the control inputs, the input–output dynamics of the system can be derived based on
Equations (1)–(13):

dVser
dt

d2ih f c

dt2
diuc
dt

dPH2
dt

 =


H1

H2

H3

H4

+

−

1
Cb

ih f c 0 −
1

Cb
iuc 0

Ω1 Ω2 Ω3 0
0 0 −

1
Luc

Vser 0
0 0 0 1

τH2 kH2




v1

v4

v2

v3

 (14)

d2ωser

dt2 = H5 +
km

Lser J
Vser (15)

where

Ω1 = 1
LCb

(
3
2 ih f c − ih f cv1 − iser

)
; Ω2 =

nRgTst
4F0L

(
1

τO2 kO2 PO2

)
, Ω3 = − 1

Cb
iuc(1− v1)

H1 = 1
2Cb

(
ih f c + iuc − 2iser

)
; H3 = 1

2Luc
(−Vser + 2Vuc); H4 = − 1

τH2
PH2 −

2kγ1
τH2 kH2

ih f c

H2 = 1
L

{
1

2Cb

(
−ih f c + 2iser

)
+

.
v1Vser −

dih f c
dt −

.
Vat+

nRgTst
2F

[
1

PH2

(
−

1
τH2

PH2 +
1

τH2 kH2

(
v3 − 2kγih f c

))
+ 1

2PO2

(
−

1
τO2

PO2 −
kγ1

τO2 kO2
ih f c

)]}
H5 = 1

J

[
−

( kmkb
Lind
−

b2

J

)
ωser − km

(
b
J +

Rar
Lind

)
iser − ng

(
b
J Td −

.
Td

)]
Remark 2. Note that control v1 (a symmetric switch control function for transistorT1 in Figure 2), where the
derivative is presented in the term H2, and is designed in a 1-SMC format.

In this case,
.
v1 is defined as

.
v1 =

0 in a reaching phase
.
v1eq in a sliding phase

where v1eq is the equivalent control, which can be computed by a low pass filtering of the high frequency
switching control v1, and is a differentiable function. This approach is needed only to facilitate the
boundedness (at least local) of the term H2.

The internal dynamics of the HFC system are derived based on Equations (1), (11), and (12):

dVat

dt
=

ih f c

Cd
−

Vat

RatCd
,

dVuc

dt
= −

1
RucCuc

(Vuc + Ruciuc) (16)
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It is worth noting that the forced zero dynamics in Equation (16) are stable, and the profiles Vat

and Vuc are bounded, given the forced profile ih f c and iuc. Therefore, the input–output dynamics in

Equation (14) can be used for the controller v = (v1, v4, v2, v3)
T design.

Remark 3. Due to a unique ability of controlling the HFC current ih f c by means of qin
O2

in Equation (5),
the non-minimum phase direct tracking control of the voltage Vser → Vcom

ser in Equation (8) becomes a minimum
phase control problem [12,13].

3. Problem Formulation

The schematic of the HFC/DC-DC/UC/servomotor electric power system for an electric vehicle is
presented in Figure 4:Energies 2020, 13, x FOR PEER REVIEW 8 of 22 
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In accordance with the relative degree approach [4,12,14], the input–output error dynamics of vector
relative degree r = [1, 2, 1, 1] were obtained based on the input–output dynamics in Equation (14):

de1s
dt

d2e2s
dt2

de3s
dt

de4s
dt

 =


H̃1

H̃2

H̃3

H̃4

−

−

1
Cb

ih f c 0 −
1

Cb
iuc 0

Ω1 Ω2 Ω3 0
0 0 −

1
Luc

Vser 0
0 0 0 1

τH2 kH2




v1

v4

v2

v3

 (17)

d2e5s

dt2 = H̃5 −
km

Lser J
Vser (18)

where

H̃1 = (Vc
ser)

(1)
−H1; H̃2 =

(
ich f c

)(2)
−H2; H̃3 = (icuc)

(1)
−H3; H̃4 =

(
Pc

H2

)(1)
−H4; H̃5 = (ωc

ser)
(2)
−H5

The control problem in the HFC/DC-DC/UC/servomotor electric power system is in controlling the
rotational speed of the servomotor in the electric vehicle (i.e., achieving ωser → ωc

ser as time increases
in the presence of the bounded perturbations).
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This problem, in accordance with Figure 4, is reduced to the following: design the control
functions v1, v4, v2, v3 that drive the tracking errors e1s = Vc

ser −Vser, e2s = ich f c − ih f c, e3s = icuc − iuc,
e4s = Pc

H2
− PH2

, e5s = ωc
ser −ωser → 0 as time increases in a de-coupled fashion in the presence of the

bounded disturbances H1, H2, H3, H4, where Vc
ser(t), ich f c(t), icuc(t), Pc

H2
, ωc

ser are the command profiles
for Vser(t), ih f c(t), iuc(t), PH2

(t), ωser(t), respectively, while Pc
H2

is assumed to be constant.
The plan of attack on the formulated control problem was inspired by a back-stepping

technique [21]:

• Given on line ωc
ser (for instance, it can be a command generated by an electric car driver), design

the controller in terms of Vser that drives ωser → ωc
ser in the presence of the smooth bounded

disturbance torque Td as in Equations (13) and (15).
• The output of this controller is considered as a command Vc

ser that is to be followed by the
HFC/UC/DC-DC boost and boost/buck converters in the inner loop of the electric power system
(Figure 4) that generates Vser. The tracking Vser → Vc

ser is enforced by the controls v1, v4, v2, v3.

4. The Controller Design: Relative Degree Approach

4.1. HFC and UC Current Command Generator

The HFC current command profile ich f c can be computed based on the power balance
PHFC = PLoad [4,17]:

ich f cVth f c = αicserV
c
ser(t) (19)

where PHFC is the power generated by HFC; PLoad is the power consumed by the load (servomechanism);
α ≥ 1 accounts for power losses (for simplicity, the power losses in the converter are neglected, and it is
assumed α = 1); icser is the output current command; and Vc

ser(t) is the command for Vser(t). The total
voltage across n stack of HFC’s is Vth f c. The HFC current command profile ich f c is generated as follows:

ich f c = icser
Vc

ser
Vth f c

(20)

Note that in implementing Equation (20), Vc
ser can be replaced by the measured Vser.

The HFC current command profile ich f c is divided into two “slow” and “fast” commands,

ich f c = icslow
h f c + ic f ast

h f c (21)

where the “slow” command icslow
h f c can be generated as result of the low pass filtering of ich f c:

τ
dicslow

h f c

dt
= −icslow

h f c + ich f c, τ > 0 (22)

Next, ih f c is supposed to follow icslow
h f c , while iuc will follow asymptotically the “fast” command

profile icuc that is defined based on the already generated ich f c and icslow
h f c command profiles and a power

balance condition as

icuc =
Vth f c

Vc
ser

(
ich f c − icslow

h f c

)
=

Vth f c

Vc
ser

ic f ast
h f c (23)

Equation (12) is valid for icser,ωc
ser, and Vc

ser, and can be used for icser reconstruction (that is used for
ich f c generation in Equation (20)) given ωc

ser and Vc
ser. This is

Ic
ser(s) =

1
Linds + Rar

(−kbΩc
ser(s) + Vc

ser(s)) (24)
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where Ic
ser(s), Ωc

ser(s), and Vc
ser(s) are Laplace transforms of icser,ωc

ser, and Vc
ser, respectively; and s here is a

Laplace variable. Equation (24) should be understood as follows: the time domain signal −kbω
c
ser +Vc

ser
is fed to the input of the low pass filter with a transfer function 1

Linds+Rar
. The output of the filter gives

icser, which can be used in Equation (20).

4.2. Controlling PH2 and Vuc

The last two equations in the system (Equation (18)) are completely decoupled from the first two
equations and have both relative degrees of one:

de3s

dt
= H̃3 −

Vser

Luc
v2 (25)

de4s
dt

= H̃4 −
1

τH2kH2

v3 (26)

where Equations (25) and (26) are used for the de-coupled control functions v2 and v3 design.

4.2.1. UC Control: 1-SMC and 2-SMC Approaches

The UC control can be accomplished in two modes:

(a) current iuc control (UC current supply mode),
(b) voltage Vuc control (UC charge mode).

The Control v2 Design in iuc Control Mode: 1-SMC Approach

The control v2—a DC–DC boost/buck converter high frequency switching control—is naturally
designed in terms of a conventional SMC to enable the charging/discharging of the ultra-capacitor
current (Equation (12)) in the case of a servomotor current demand at a fast rate [4,17]. As the relative
degree of e3s is equal to one, the 1-SMC v2 is designed as

v2 = 0.5sign(e3s), e3s = icuc − iuc (27)

where the “fast” command, icuc, for the ultra-capacitor current, iuc, is generated in accordance with
Equation (23). As soon as the ultra-capacitor current iuc reaches the command profile icuc in finite
time by means of the 1-SMC (Equation (27)) the error becomes e3s = 0, and therefore, icuc = iuc in the
sliding mode.

Remark 4. It is assumed that

• H̃3 = (icuc)
(1)
−

1
Luc

(−0.5Vser + Vuc) is bounded ( i.e.,
∣∣∣H̃3

∣∣∣ ≤ L3, L3 > 0)

• the control in Equation (27) is sufficiently large to assure the existence of the sliding mode (i.e., 0 < L3 <
Vuc
2Luc

).

Remark 5. Note that the controlv2 in Equation (27) drives a switching function v2 = v2 + 0.5 that opens
and closes the transistor T2 in Figure 2 with a high frequency in the sliding mode e3s = 0, which can hurt the
transistor by overheating. In order to control the switching frequency of the control function v2 = v2 + 0.5 ,
the switching function e3s in the control law (Equation (27)) can be pulse-width modulated as e3s = e3s + δ1(t),
where δ1(t) is a dither signal with a small amplitude ε1 and given frequency ω . Then, the control law
(Equation (27)) implemented as v2 = 0.5sign(e3s) will drive the original switching function e3s to a domain
Φ : |e3s| ≤ ε1. Next, v2 starts switching with the given frequency ω1 in order to maintain e3s in a real sliding
mode (i.e., in the domain Φ : |e3s| ≤ ε1).
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The Controller v2 Design in Vuc Control (Charge) Mode: 2-SMC Approach

The UC voltage Vuc is decaying with time due to the internal losses and to supplying current
iuc to the servomotor. Therefore, Vuc should be maintained/charged at a given constant level Vc

uc as
soon as it becomes Vuc ≤ Vc

uc − ε, where ε > 0 is a threshold level. The Vuc input–output dynamics is
of relative degree 2 in accordance with Equations (10) and (11). The Vuc tracking error dynamics of
relative degree 2 are derived as

d2euc

dt2 = H̃#
3 +

Vser

LucCuc
v2 (28)

where euc = Vc
uc −Vuc, H̃#

3 = 1
Cuc

(
1

Luc
−

1
R2

ucCuc

)
Vuc −

1
2LucCuc

Vser −
1

RucC2
uc

iuc.

The high frequency switching 2-SMC is designed in order to drive euc → 0 in finite time in the
presence of the perturbation H̃#

3. Specifically, the 2-SMC prescribed convergence law [14] is selected

v2 = −0.5sign
( .
euc + c#

2|euc|
1/2sign(euc)

)
(29)

with c#
2 > 0 selected to provide the desired convergence time [14].

Note that
.
euc can be obtained using the sliding mode finite-convergent-time differentiator [14]

studied in Section 4.3.2.

Remark 6. It is assumed that

H̃#
3 =

1
Cuc

(
1

Luc
−

1
R2

ucCuc

)
Vuc −

1
2LucCuc

Vser −
1

RucC2
uc

iuc

is bounded (i.e.,
∣∣∣H̃#

3

∣∣∣ ≤ L#
3, L#

3 > 0).
The control in Equation (29) is sufficiently large to assure the existence of the sliding mode, in other words,

Vser

2LucCuc
>

(
c#

2

)2

2
+ L#

3.

Remark 7. The 2-SMC control law (Equation (29)) can be implemented so that the switching function
v2 = v2 + 0.5 that opens and closes the transistor T2 in Figure 2 is switching with a given frequency ω in the
real sliding mode |σ3s| ≤ δ1(t), where σ3s =

.
euc + c#

2|euc|
1/2sign(euc) , and δ1(t) is a dither signal with a small

amplitude ε1 and given frequency ω1 . Therefore, the 2-SMC control law (Equation (29)) can be implemented as
v2 = −0.5sign(σuc) , where σuc = σuc + δ1(t). One can see Remark 5 for the details.

4.2.2. The Control v3 Design: PI Control Approach

Since Pc
H2

= const and the term H̃4 = 1
τH2

PH2 −
1

τH2 kH2

(
−2kγ1 ih f c

)
is available (PH2 , ih f c are

measurable), a PI-like continuous controller robustly addresses the set point regulation problem
by driving e4s = Pc

H2
− PH2

→ 0 in Equation (26) as time increases:

v3 = kH2PH2 + 2kγ1 ih f c + kp1e4s + ki1

∫
e4sdt (30)

The parameters (kp1 and ki1) are tuned in the computer simulation as kp1 = 0.45 and ki1 = 1.56.
The design and tuning and of the PI controller is well-understood [22], and therefore, omitted for brevity.
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4.3. Controlling ih f c and Vser: 1-SMC and Adaptive Second Order Sliding Mode Control Approaches

Assume that the sliding mode is established in Equation (25) and the PI-like controller
(Equation (30)) drives e4s → 0 in Equation (26) as time increases. Then, the first two equations

in the system (Equation (17)) can be rewritten replacing v2 by the equivalent control v2eq =
H̃3Luc
Vser

as

de1s
dt

= H̃1 +
H̃3Luc

CbVser
iuc +

1
Cb

ih f cv1 (31)

d2e2s

dt2 = H̃2 −
1

LCb

(3
2

ih f c − ih f cv1 − iser

)
v1 − (1− v1)

H̃3Luc

CbVser
iuc −

nRgTst1
4LF0τo2ko2PO2

v4 (32)

Equations (31) and (32) are rewritten in a de-coupled form de1s
dt

d2e2s
dt2

 =
 H̃1s

H̃2s

−
 − 1

Cb
ih f c 0

0
nRgTst

4LF0τO2 kO2 PO2

[ v1

v4

]
(33)

where H̃1s = H̃1 +
H̃3Luc
CbVser

iuc, H̃2s = H̃2 −
1

LCb

(
3
2 ih f c − ih f cv1 − iser

)
v1 − (1− v1)

H̃3Luc
CbVser

iuc, and e1s, e2s can be
driven to zero independently by means of v1, v4.

4.3.1. The Control v1 Design: 1-SMC Approach

The control v1—a DC–DC converter high frequency switching control—was designed in terms of
conventional 1-SMC [4,17], since relative degree of e1s was equal to one. The conventional 1-SMC [4,14]
v1, which represents a switching function, is proposed

v1 = −0.5sign(e1s) (34)

Remark 8. It is assumed that

• H̃1s is bounded (i.e.,
∣∣∣H̃1s

∣∣∣ ≤ L1s, L1s > 0).
• the control v1 in Equation (34) is sufficiently large to assure the existence of the sliding mode

(i.e., 0 < L1s <
ih f c
2Cb

).

Then, the control (Equation (34)) drives e1s = Vc
ser −Vser → 0 in finite time t = tser, and Vser =

Vc
ser ∀t ≥ tser in the sliding mode.

Remark 9. The SMC control law (Equation (34)) can be implemented with a given switching frequency.
The details of such implementations can be found in Remark 5.

4.3.2. The Control v4 Design: Adaptive Super-Twisting Algorithm

The sliding variable with relative degree 1 is proposed

σ2s =
.
e2s + c2se2s (35)

where c2s > 0 is selected to provide a desired eigenvalue placement to the differential equation
.
e2s + c2se2s = 0. Then, the σ2s dynamics were derived

.
σ2s = H̃2s − v4s (36)

where v4s =
nRgTst

4LF0τO2 kO2 PO2
v4.

The following assumptions were made:
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• the gain
nRgTst

4LF0τO2 kO2 PO2
is known, and

• the derivative of H̃2s is bounded (i.e.,
∣∣∣∣∣ .

H̃2s

∣∣∣∣∣ ≤ L2s, L2s > 0 with the unknown boundary L2s > 0).

The sliding variable σ2s in Equation (35) is of relative degree 1. However, the control v4s = qin
O2

that drives ih f c → icih f c
is required to be continuous. A continuous second order sliding mode control

(2-SMC) that is applicable to systems of relative degree 1 and drives σ2s, together with its derivative to
the real second order sliding mode in finite time, is proposed in terms of adaptive super-twisting control
(since the derivative of the perturbation exists, but is not known) with the non-overestimated control
gain [16]. Specifically, it is presented as

v4s = αh f c|σ2s|
1/2sign(σ2s) + v41s

.
v41s =

βh f c
2 sign(σ2s)

(37)

where the adaptive control gains are defined

.
αh f c =

 ωh

√
γh
2 sign(|σ2s| − µh), i f αh f c > αhmin

ηh, i f αh f c ≤ αhmin
βh f c = 2εhαh, αh f c(0) > αhmin, ωh > 0

(38)

where εh,µh, η, γh, ωh are arbitrary positive constants. Finally, we obtain

v4 =
4LF0τO2kO2PO2

nRgTst
v4s (39)

The problem of finding real-time robust estimation of
.
e2s is addressed using the sliding mode

exact differentiator [14]

.
z0 = s0, s0 = −λ1|z0 − e2s|

1/2sign(z0 − e2s) + z1
.
z1 = −λ0sign(z1 − s0)

(40)

where e2s is assumed twice differentiable with the second derivative to be bounded (i.e.,
∣∣∣..e2s

∣∣∣ ≤ L2s) and
the coefficients λ0,λ1 are to meet the conditions [14]

λ0 > L2s, λ2
1 >

2
(
λ0 + L2s

)2(
λ0 − L2s

) (41)

Then, z0 → e2s, z1 →
.
e2s in finite time. The term z1 replaces

.
e2s in Equation (35). The differentiator

in Equations (40) and (41) was tuned for the simulation purposes as λ0 = 100, λ1 = 30.

4.4. Controller v5 Design for Servomotor Speed ωser: Adaptive Twisting Algorithm

In order to drive ωser → ωc
ser(t) , we need to design the controller in terms of Vc

ser in accordance
with the servomotor dynamics given in Equation (18). Next, Vser → Vc

ser is enforced in finite time by the
1-SMC v1 in Equation (34). The continuous Vc

ser controller design is accomplished in the following steps:
Step 1: The sliding variable of relative degree 1 with respect to the control Vc

ser is derived:

σser =
.
eser + csereser, eser = ωc

ser −ωser, cser > 0 (42)
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where cser > 0 is selected to provide a desired eigenvalue to differential equation
.
eser + csereser = 0.

Then, the σ2s− dynamics are derived

.
σser = H̃5s −

km

Lser J
Vc

ser (43)

where H̃5s = H̃5 + cser
.
eser.

Step 2: The relative degree in the system (Equation (43)) is artificially increased up to 2 (
.

V
c
ser → σser )

by differentiating
.
σser in Equation (43). The dynamics of the sliding variable σser in Equation (42) with

respect to the control derivative
.

V
c
ser are derived

..
σser =

.

H̃5s − v5 (44)

where .

H̃5s =
.

H̃5 + cserH̃5 −
cserkm

LserL
Vser, v5 =

km

Lser J

.
V

c
ser

Assumptions:

• the gain km
Lser J is known,

• the term
.

H̃5s is bounded (i.e.,
∣∣∣∣∣ .

H̃5s

∣∣∣∣∣ ≤ L5s, L5s > 0 with the unknown boundary L5s > 0).

Step 3: 2-SMC adaptive twisting control in terms of v5 that drives the sliding variable σser and its
derivative to the real 2-SM in finite time, preserving the continuity of the control Vc

ser, is designed [15] as:

v5 = −αser(sign(σser) +
1
2

sign(
.
σser)) (45)

.
αser =

$1s

√
γ1s
2 sign(θs(σser,

.
σser) − µs), i f αser ≥ αsermin

χs , i f αser < αsermin

(46)

where θs(σser,
.
σser) = α2

serσ
2
ser + γ1s|σser|

3/2sign(σser)
.
σser + αser|σser|

.
σ

2
ser + 0.25

.
σ

4
ser, and the arbitrary

positive constants are given as γ1s ≥ 0.25, $1s, µs, χs, αsermin, γ1s.
The servomotor speed ωser controller is finally derived in terms of the continuous output voltage

command profile Vc
ser as

Vc
ser =

Lser J
km

∫
v5dτ (47)

The term
.
σser in Equation (45) was obtained using the sliding mode differentiator in Equation (40)

with e2s replaced by σser. The differentiator (Equation (40))was tuned up for the simulation purposes as
λ0 = 120, λ1 = 40.

Remark 10. It is worth noting that adaptive super-twisting control in Equations (37)–(39) is prone to chattering,
since the continuous term |σ2s|

1/2sign(σ2s) has an infinity gain in the origin. On the other hand, the continuity
of the adaptive twisting control in Equations (45)–(47) is guaranteed by integrating the high frequency switching
term in Equation (47).

Remark 11. It is known that super-twisting (Equations (37) and (40)) and twisting (Equations (45) and (47))
control algorithms are sensitive to unmodeled dynamics of the actuator in Equations (4) and (5) that can cause
self-sustained oscillations of finite frequency and amplitude [23]. The effects of unmodeled dynamics of the
actuator in the studied hydrogen fuel cell-based electric power system of an electric car will be investigated
analytically in future work. In this paper, the effects of the unmodeled dynamics of the actuator are studied
via simulations.
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5. Case Study

The electric car angular velocity control system (Figure 4) was considered. Its electrical energy
supply unit consisted of the DC–DC boost converter, the ultracapacitor, and the stack of n = 185 HFCs.
The parameter Ei f c varies according to the number of HFC in the stack, n. The perturbed electric car
angular velocity dynamics are given by Equations (14) and (15). The parameters of the HFC-based
electric power system mathematical model may also be uncertain.

5.1. Simulation Set Up

The following DC servomotor speed command profile was given

ωc
ser(t) = 100 + 100 sin(0.2t) (48)

and the motor disturbance was used as

Td(t) = 10 + 8 sin(2t) + 2 sin(10t) (49)

A simplified version of the Lyapunov function employed in Equation (46)

θs(σser,
.
σser) = α2

serσ
2
ser + γ1s|σser|

3/2sign(σser)
.
σser + αser|σser|

.
σ

2
ser + 0.25

.
σ

4
ser

was used in the simulations as

θs(σser,
.
σser) = σ2

ser + δ1s
.
σ

2
ser, δ1s > 0

The parameters of the system (Equations (14), (17), and (18)) are summarized in Table 1.

Table 1. The parameters of the systems (14), (17), and (18).

Lind = 4× 10−3 (H) τO2 = 6.74(kmol/s) L = 35× 10−4 (H)

kb = 0.1 (V · s · rad) kO2 = 2.52× 10−3(kmol/s) Luc = 140× 10−4 (H)

b = 0.1 (N ·m · s) τH2 = 3.37(kmol/s) Ruc = 1.2× 104 (Ω)

Rar = 1 (Ω) kH2 = 8.49× 10−4(kmol/s) Cuc = 125 (F)

km = 5 (N ·m/A) τqH2 = 2 · 10−2 (s) Td = 8 sin(2t) + 10 + 2 sin(10t) (N ·m)

J = 0.5
(
kg ·m2

)
τqO2 = 2 · 10−2 (s) kγ1 = 2.28024× 10−7(kmol/s)

ng = 0.3 Cd = 68.5× 10−3 (F) Rg = 8.31417(J/kmol)

Rat = 0.08 (Ω) Th f c = 298.15 (K) n = 185

Rohm = 0.06 (Ω) Tst = 353 (K) ∆G1 = −4.4 · 103
(
J ·mol−1

)
∆s1 = 170.0

(
J ·mol−1

·K−1
)

F0 = 96485.3415 (s ·A/mol)

The parameters of the controllers v1 in Equation (34) that controls Vser; v2 in Equation (29) that
controls iuc; v3 in Equation (28) that controls PH2 ; v4 in Equations (35)–(39) that controls ih f c; and v5 in
Equations (42)–(47) that controls ωser are presented in Table 2.
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Table 2. The parameters of the controllers v1, v2, v3, v4, and v5

αmin = 0.7 µ = 0.05 χ = 0.010

Pc
H2

= 1.01 · 105 (Pa) kp1 = 0.45 ki1 = 1.56

c#
2 = 7.5 αhmin = 1 αh f c(0) = 10

ωh = 60 γh = 10 µh = 0.04

εh = 0.03 ηh = 0.01 $1s = 30

χs = 0.01 µs = 0.08 αser min = 0.7

γ1s = 20 αser(0) = 3 δ1s = 10

The system was simulated using the Euler method with a fixed step of ∆t = 10−4 s.

5.2. Simulation Results

The high accuracy casual tracking of the servomotor speed ωser profile in the presence of
perturbations is shown in Figure 5. The accurate causal tracking of the output voltage of the DC–DC
boost converter Vser → Vc

ser is illustrated in Figure 6. The HFC’s current tracking ih f c → ich f c via adaptive
super-twisting control was v4s in Equations (37)–(39), as shown in Figure 7. The corresponding adaptive
gain αh f c of the adaptive super-twisting controller, shown in Figure 8, demonstrates the significant
adaptation depth and the gain non-overestimation. It was observed that for t ≥ 9 s, the adaptive gain
αh f c = αh f cmin = 1 and |σ2s| < µh in accordance with Equation (38). The ultra-capacitor current iuc and
its command profile icuc are depicted in Figure 9. High accuracy tracking iuc → icuc was observed. It can
be seen that the UC current rapidly changed (Figure 9) in transient-times compared to the HFC current
(Figure 7), which is beneficial for the life-duration of the FC. The HFC current continuous control v4

function is presented in Figure 10. The stabilization of the partial pressure of hydrogen PH2
at the

constant level Pc
H2

via the PI controller v3 in Equation (30) is shown in Figure 11. The time-varying
gain αser of the twisting adaptive controller is shown in Figure 12. A significant adaptation depth and
the gain non-overestimation were observed. The plots of the sliding variables and their derivatives
(i.e., σser,

.
σser and σ2s,

.
σ2s) are presented in Figures 13 and 14, respectively. Glitches observed in Figure 13

correspond to the plot in Figure 12 that correspond to the time instants when the adaptive gain αser

dropped below the level αser = αsermin. Then, gain αser started increasing again in accordance with
Equations (45) and (46). Figures 12 and 13 illustrate how the gain non-overestimation is achieved in
adaptive twisting control. The plots of the sliding variable and its derivative

.
σ2s, σ2s that are shown in

Figure 14 confirm the existence of the sliding mode.
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and the ultracapacitor (UC). A relative degree approach in a concert with sliding mode control and
observation techniques including first order SMC and second order adaptive super-twisting and
twisting algorithms was applied for controlling the servomotor speed via the direct control of the input
armature voltage. The direct voltage control was accomplished by controlling the HFC current, and the
UC current in the presence of the model uncertainties. Controlling the HFC and UC current based
on the power balance approach eliminated the non-minimum phase property of the DC–DC boost
converter. The current in HFC and the servomotor speed (in the presence of torque disturbance) were
controlled by the adaptive-gain second order sliding mode controllers (2-ASMC). Conventional sliding
mode controllers (1-SMC) were employed for controlling the output voltage of the DC–DC boost power
converter and the load current of the UC. The efficacy and robustness of the HFC/UC-based electric
power systems controlled by 1-SMC and 2-ASMC were confirmed on a case study of electric car speed
control via computer simulations. Note that the proposed sliding mode control approach to speed the
control of an electric car powered by the HFC-based electric power system is applicable to the control
of any electric car and guarantees the effectiveness and robustness to the bounded perturbations.
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